Regularizing the problem of games encounter of motions 999

dn/dt < — { and imposing certain other restrictions on the function n [¢], However,
this complicates determination of the generalized solution y* [¢} of Eq, (1, 1),
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A family of necessary and sufficient conditions for the stability and instability of motion
over a finite time interval is constructed, This is made possible by a generalization of
Kamenkov's formulation of the problem of stability over a finite time interval,

1, In his investigation of mechanical systemns whose perturbed motion is described by
the equations dz, ,

’d_{ =X{(t; Tyg oo oy zn) (‘=1!"'l n) (1.1}

where X; are real functions of real variables which vanish for zy = 0 (i = 1,..., n)

and can be expanded in series in wWhole nonnegative powers of Z; in the neighborhood of

the origin (r; = ), Kamenkov introduced the following definition of stability of motion
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over a finite time interval [1].
If the differential equations of perturbed motion (1. 1) are such that for a sufficiently
small positive A the quantities x, considered as functions of time satisfy the condition

n
2 (@az1 + -+ - +2,07n)2 < A 1.2)
=1
over a finite time interval [t,, t, 4 At] provided the initial values z;50f these func-
tions satisfy the condition n
S @aZio+ - Az <A (det (ay)F+0) (1.3)
s=1
then the unperturbed motion is stable over the time interval A#} otherwise the motion
is unstable,i.e. At = 0.

On the basis of the above definition Kamenkov obtained the conditions of stability and
instability of unperturbed motion in the first approximation, According to these condi-
tions the problem of stability of motion in noncritical cases is resolved by the signs of
the real parts of the roots of the characteristic polynomial of the first-approximation
equations at the initial instant to.

Instead of the constant domain of limiting deviations (1, 2), Lebedev [2 and 3] used
the fixed-sign function V (#; 1, . . ., 2n) which depends explicitly on time to introduce

the variable domain Vit 2.z <A (l.i)

In this way he obtained sufficient conditions of stability which take account of the
character of variation of the coefficients in the equations of perturbed motion with re-
spect to the time £ This entails a rigid restriction cn the diameter of the domain, i. e.
on the upper bound of the disturbances between any two points of the domain ; consider~
able leeway still remains in the choice of the remaining dimensions,

We shall introduce necessary and sufficient conditions of stability and instability of
motion in the following formulation,

Definition, If the equations of perturbed motion are such that for a sufficiently
small g > 0 any solution z (t) of the equations whose initial value To == I (o)

conforms to the inequality G ) 2o, 6 (t) z0) < 0 (1.5)
Gz, GOH)<p (1.6)

(where G (f) is a given bounded matrix) over some finite interval [¢,, to + At],then
the unperturbed motion is stable relative to domain (1.6) over the interval ft,, to'+
-+ Atl; otherwise it is unstable,i.e. At = 0.

The domain of limiting deviations &, (S = 1,..., n) (i.e. of the elements of the
column matrix x) is given here by means of a nonnegative function ,

Vi, ) =G @)z G()2)

The stability of motion relative to domain (1,6) will be called "uniform” over the

interval [¢;, t,) if the unperturbed motion is stable for all {4 & 4, ).

satisfies the condition

2, Let the equations of perturbed motion in vector-matrix notation be written as
dr/dt=U(t)z + H (t, ) (2.1)
where U is a square matrix of order n,and £ and H are column matrices, The elements
of the matrix H (i.e, the nonlinear functions of the deviations z,) are such that
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. H{t, 1)
lim ——-— =0 2.2
x-+0 “Ih ( ' )

uniformly over ! over some interval [¢y, T)
Let us assume that the matrix U7 is differentiable with respect to ¢ and that it is of
simple structure, There then exists a nondegenerate and differentiable matrix K which

transforms the matrix I into diagonal form
K2 UMK ()= A () = diag (b (D-.0n 2n (1) 2.3)
The diagonal elements of the matrix .\ are the eigenvalues of the matrix U, and the
columns of the matrix K are its eigenvectors,

Assuming that the coloumns A, (6 = 1,..., n) of the matix K are normalized
(e. g. that their Euclidean norm is equal to unity) and setting

Vi, )= (K {)z, K ()2 (2.4)
we define the domain of limiting deviations as
(KW z, K () 2)<p (2.5)
Geomertically, domain (2, 5) is an n-dimensional ellipsoid bounded by the surface
(K- )z, K- (t)) = p (2.6)

Each of the 2m rays )
=4 R;(t)s (s=1,...,n 01 x)

intersects surface (2, 6) once for the parameter value § = V— The points of intersec-
tion lie at a constant distance }'p p from the ongm (z = 0) . In fact,

K1 (t) K4 p, K1 () K. D) = 8t = .= (=D
(K2 () Ko 0V o, K K- () V) "El o (a={ G20

VK. Vel=1Ket)Vo=Vp

Let us investigate the conditions of stability and instability of unperturbed motion
relative to domain (2, 5), Setting

z=K(@®)y (2.7)
we have
Vi, 5= v =lyl? (2.8)
Hence
’ dav dlyi ‘
=2y 2.9)
In the new variables the equations of perturbed motion become
—A0y— K 0By k11, Ky) (2.10)
From (2, 10) we find that
divli_ V lyelt | y*Py * K1 * el
dt "-'“ eh T Ty TamWKH A K="y 1)
Here
dK* -1
P—_—(Kldz + 7 K* )

and y4 (0 = 1,..., R) are the elements of the column matrix y.
From Expressions (2, 9) and (2. 11), we find that the derivative of positive~definite
function (2, 4) with respect to £ computed by way of the equations of perturbed motion
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is given by

= X Reho|yelt +y*Py + + (" KH + H*R* ) (2.42)

o=1

&%

1
3
Let us set
p (t) = max, (Re A ()
By ¥min () and ¥max () we denote the minimum and maximum eigenvalues, respec-
tively, of the Hermitian matrix P.

As we know, e
Vauin J¥E < Y*PY < Vinax By 2 (2.13)

Theorem 2,1, If
#{t) +vmax (fo) <O (2.14)

then unperturbed motion (the trivial solution of Eq, (2.1)) is stable over the finite inter-

val [ty ty + At

Proof,
i(_xt"Tf—“Q - {) as y_.,() (215)
Y
uniformly in ¢ over the segment [0, T] .,
In fact, H (t, Kv) _ H(t, 1) 'K H(l ) .
vl = [K[lyt < izl [Kj—=0 as:y—0

by virtue of condition (2, 2), since H K ]f is a bounded quantity and since
[zI<IK{iyj—0 as:y—0
Taking account of (2, 13) and (2, 15), we find from (2, 12) that

av .
T SO T Va OYF oGy

From this we see that if inequality (2, 14) holds, then for sufficiently small |y at the
point t = to (and, by continuity, within some finite interval lto, to + At} C [t, T]),
we find that dV / dt < 0, which proves the Theorem,

Theorem 2,2, If i (te) + Vmin (tg) > 0 (2.16)

then unperturbed motion {the trivial solution of Eq, (2. 1)) is not stable over the finite
time intervallt,, t, + Atl,i.e. At = 0.

Proof. Let usintegrate (2,11), We obtam (247

¥y Py
lvini= IJ(!O)ﬂexPS LS‘ Re i, 07 !}ygz + T +0@yDldt

If |

Pt.v) =3 Red, ”" L VP9
= T NPT

then for sufficiently small § | the sign of the integrand is the same as that of the func-
tion ¢ (¢, y).

Let us assume that

B () = Re A, (o)
Let us consider the particular solution z° = K (#) ¥° of Eq. (2.1) as determined by the
initial conditions ¥, (tg) = Yo, Yo (tg) =0 GF9 (2.18)
By virtue of (2, 13),(2, 16) and (2, 18) we have
P (to, ¥° (1)) 2> b (o) + Yy () >0
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Hence, for sufficiently small p at the point ¢ the integrand function in Eq. (2.17) is
positive, By continuity, it is also positive in some neighborhood of this pomt Hence, in
this neighborhood we have dv (t, =% dﬂy

LAUL NPT L PN

Thus, if inequality (2, 18) is valid, then there are pamcular solutions along which in

the neighborhood of the point % we have

Vi, z () >V (to, 2 (k) (12> k)

which means that condition (1, 8) is not fulfilled, The Theorem has been proved,

h 2.3, 1If
Theorem B (fo) + Vmin (fo) < 0 <C 1t (o) + Vmax(to) (2.19)

then unperturbed motion (the trivial solution of Eq. (2, 1)) may not be stable over a fin-
ite time interval,

Proof, Relations (2, 19) and (2,13) admit of the existence of a particular solution
z° = Ky° which satisfies the equations

@ (o, ¥° (t)) = 0, ¥ ()= Vo

The sign of the integrand in Eq, (2, 17) for this solution is determined by the sign of
O ("y° ), so that depending on the properties of the nonlinear terms for ¢ = t, (and, by
continuity, within some neighborhood of the point o) the integrand may be positive,
Hence, in this neighborhood dV (¢, z°) / dt >> 0, which means that inequality (1,6) is
not fulfilled,

Therefore,

B (f0) + Vmax (fo) < 0 is a sufficient condition for stability

B (t0) + Vi {80) <O is the necessary condition for stability (2.20)
# (1) + Vmin (to) >0  is a sufficient condition for instability

# (o) + Vmax (te) 2> 0 is the necessary condition for instability

In the special case where U = const, we have ¥pax min=0, since K = const and
P = 0, and since the conditions (2.20) coincide with the corresponding conditions for
stability and instability obtained by Kamenkov.,

The disposition of the stability and instability domains in the plane of the eigenvalue
A as determined by the signs of the eigenvalues v .. and v, is shown for the general
case in Fig, 1 (the stability domains are marked with a plus sign, the instability domains
with a minus sign), We see that the motion may be stable even when the eigenvalues of
the matrix U includes values with positive real parts (Fig, 1¢); conversely, unperturbed
motion may turn out to be unstable even when the real parts of all the eigenvalues are
negative (Fig, 1a),

Conditions (2, 20) do not solve the prob-
VaczVmr?  mer’l Vs ’ﬁi"’-u‘” lem of stability if

a b e

Inx InA
‘ —Vam > k> —vmx  (2.21)
3y : i ) 5}; The corresponding strips in Figs, 1a, 1b
] 7 % and 1c are shaded,
" 1Pmegd_ V7 in the next Section we shall describe
Yais) L |Vmini

a method for constructing a family of con-
ditions similar to (2,20) whith whose aid
Fig. 1 the "strip of uncertainty” (2,21) can be
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narrowed substantially, especially in those cases where the coefficients of the first-appro-
ximation equations are slowly varying functions of £,

3, Instead of (2, 1) let us consider the more general equation
dz/dt = U (v)z + H ¢, 2) 3.1)
where T = et is the so-called "slow time” and & is some real parameter, When € =1
Egs, (2, 1) and (3, 1) coincide,
The nondegenerate transformation
z=K™ (1, e)y (3.2)
transforms Eq, (3, 1) into (3.3)
dyrdt=A"(r,e)y— K™ v, e) N (r,e)y + K™ (r,e) H (t. K™ y)
where
N™ (2, e) = edK™ (v, &)/dv— U () K™ (v, &) + K™ (1, ) A™ (x,8) (3.4)
Let us assumne that UV (T) is a matrix which is differentiable I times on the segment
[0, L] . Then, making use of the algorithm given in [4], we can construct a transforma-
tion (3. 2) such that the matrix .\‘™) has a diagonal, or at least a quasidiagonal structure,
and the matrix V'™ satisfies the condition

{m)
lliﬂ”_;‘,;.'i):o m=0,1,2,...,1—1) (3.5)

Let us limit ourselves to the case where U has only simple eigenvalues on [0, L],
Here the matrices K™ and A™ can be constructed in the form of finite sums
m

K™(r,e) = X e K¥ (1), A™ (v, ) = 2 AT (1) (3.6)
K =0 K =0
KW — (KL Ky, AT = diag .- AR) 3.7

Here K 4l*¥)are column matrices and Ad*) are scalar functions,
Let K¥) and A1 (k = 0, 1,..., m) be such that

UK = gPIpl] (3.8
. UKF = KPIAL L gAY pi= k=1,.. ., m) (3.9)
o [%-1 5 fh=alxfa] , 4K
D =§K Al (3.10)
It is now easy to verify that
m m
Ar("l) — ™! 2 Z ev-lK[m—:w]‘\[:l] (3.11)
vex] Qe=v

and requirement(3,5) is fulfilled provided K17, AUY (j = 1,..., m) are bounded,
Equation (3, 8) is satisfied identically if
K=K, Ml=r  e=t...n (3.12)
As in the previous section, we shall assume from now on that the Euclidean norm of
the eigenvectorsK ; is equal to unity, By virtue of (3,7) and (3.10) we have
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pi-1 __ pli-1] [k~1} [k-1] o [k-2}4 [e] “'K?‘n
(ofM... o, D El REhE 4 ——  (3.43)
Each equation of (3, 9) breaks down into 2 independent matrix relations,
UK = K1, 4 K 4 DI e=1,...n) (3.14)
The general solution of Eqs, (3, 14) is of the form
KM= POl kg, A= M DT (5=1,...,n)
KM
Py= D) —2-* (3.15)
A, — Ay
s 8

Here M, (s = 1,..., n) are the rows of the mawix M = K-, and gq*{o =
..., R} are arbitraty bounded scalar functions of ¥. This arbitrariness must be restricted
by the condition of existence of derivatives with respect to T of order up tom~—Fk 41,
inclusive

The matrix D ,1¥~1] does not depend on K "}, A "1 (r > k), so that in computing
K 1¥) and A %) we assume that this matrix is already known,

Formulas (3, 15) are recurrent, They can be used to determine successively all of the
terms of finite sums (3. 6).

The arbitrariness involved in the construction of K™ and A can be used to nor-
malize the columns of the matrix K™}, Since

m
K™ = Ky = ) K8

¥ =g
it follows that the square of the norm of the column K ;™ of the matrix K™ is

KPP = KoKt 3 5 ERETRE 1470 S S KR
k=12—0 k=1a=k (3.16)
The arbitrary functions ¢,(® (k = 1,..., m) can be chosen in such a way that the
first double sum in Eq, (3. 18) vanishes,
In fact, e k—1
S‘ KU‘*‘I}‘K{“] K["‘l'Kc + K;*KV‘] Z th-arxgcl —_

-3 ﬂ) =]
r—1

. k-1}* k- -]
=g + g+ DITPA K+ KDY - 3 KT = 0
ax=]
if, for example X1
N 1 (k—a)* g
qkt] —-—K *PaD[k 1] 2 I\,!, —a) kgdl
o am]

with gol41 (k = 1,..., m) the norm of the columns of the matrix K™) is equal to
unity to within quantities of the order g™ '}

Turning now to the establishment of the conditions of stability and instability of the
trivial solution of Eq, (3. 1), we define the domain of limiting deviations by the relation

(K™Y (1, )z, K™ (7, g) 1) < p 3.17)

Geometrically, domain (3, 17) is an nr-dimensional ellipsoid bounded by the surface
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(K(m 1 (T, 8) x, K(m)2 (T, g) x) =p (3.18)
Each of the 2n rays am

r=+h;'(1,8)s (3=1,...,m0s< %)
intersects surface (3, 18) for the value § = V; To within quantities of the order €
the points of intersection lie at the constant distance Vp from the origin (z = 0) .

The conditions of stability and instability of the trivial solution of Eq, (3, 1) relative

to domain (3, 17) are determined by the following theorems whose proof is entirely ana-
logous to the proof of Theorems 2.1-2, 3, Let

u™ (1, &) = max; (Re A™ (v, ¢)) (3.19)

mil

where m
KU (o) =hs(1) + NeWN =t

k=1
are the diagonal elements of the diagonal matrix A™ (¢, e);

v (T, £); vk (%, €)

are, respectively, the minimum and maximum eigenvalues of the Hermitian matrix
By virtue of Eq, (3, 11) the matrix P(™) is regular relative to & in the neighborhood

of the point & = 0.

Th 3 B G m
eorem ™ (g, €) + €™ W (10, ) <<0  (vo,=eto [0, L))

then the trivial solution of Eq, (3. 1) is stable on the finite interval lto, £, 4+ Atl.
Theorem 3,2, If
p™ (1o, €) + e™ " vimn (%o, £8) >0 (%o = ety [0, L))
then the trivial solution of Eq, (3. 1) cannot be stable over the finite interval [ty to+

+Atl,i.e. At =0.
Theorem 3,3, If
P(m) (%o, €) + e™ it (T, 8) KO p(m) (Tos &) + smﬂ"g:x)x (Toy ®)
(to=¢elh = [0' L})
then the trivial solution of Eq, (3. 1) may not be stable on the finite interval [ty, to +
+ Atl
4, Applying the results of Section 3 to Eq. (2. 1), we obtain the following conditions
of stability and instability of unperturbed motion:
p™ (t0) + v (16) < 0 s a sufficient condition for stability
u™ (o) + vimh(to) <O is the necessary condition for stability (4.1)
n" (to) + vimin (to) >0 s a sufficient condition for instability
u™ (1) + v (t) > 0 is the necessary condition for instability

H m m m
ere p.‘T .)(t) = P( ) (v, e)l,_, vm. max (1) = ngn. max (Ty &) |,y (4.2)

Inequalities (4, 1) constitute a complete family of necessary and sufficient conditions
corresponding to the numbers m = 0, 1, 2,..., | — 1. Every m is associated with its
own “strip of uncertainty”,

— v > ™ > — vk (4.3)
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For m = 0 the conditions (4, 1) coincide exactly with simplest conditions (2, 20), and
strip (4. 3) coincides with strip (2,21),

Taking m = 1, 2,...,.in succession, we can expect substantial narrowing of the strip
of uncertainty, Computations camed out for certain real objects showed that already for
m = 1 the eigenvalues vialy and Viihy are quite small (on the order 102, 10-°) ,
strip practically narrowing into a line, It is likely, therefore, that one need go no further
than conditions (4, 1) for m = 1.

We call the case where vg’;:,‘ max == 0 and p0 = ) "critical”, since the stability
problem is then unsolvable in the first approximation,

The case where (™ satisfies (4. 3) and |vimn| + | pinex } =0, can be called "pro-
visionally critical”, since the possibility of solving the problem from the first approxima-
tion is not excluded,

5. Estimates of the time interval A during which unperturbed motion is stable, are
of interest for practical purposes,

Let p™ () FvEx () <<O  (tE [tots] < [to, T}, [te, L))

B™ (8) + vimk () = 0
The interval A¢ can therefore be estimated from the inequality ]
At <t;—to (5-2)
Note. It is clear that unperturbed motion is uniformly stable over any finite interval
[t', t") < lto, t,], where t, satisfies conditions (5. 1).
The interval A¢ can be estimated more precisely from inequality (5, 2) by using the
value of ¢, given by the conditions

(5.1)

§ ™)+ RN ar <o (e tte ) it T, o, L)

1y

4
S- (™ () + v (¢)dt' = 0
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